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The kinetics of unrelated heat and mass transfer processes are examined 
for the case of motion of a liquid ot a gas through a bed. The solution 
obtained applies to particles of various shapes (infinite plate, infinite 
cylindez, sphere). 
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Heat  o r  m a s s  t r a n s f e r  du r ing  mot ion  of l iquid  o r  
gas  th rough  a bed has  been  e x a m i n e d  by many  i n v e s t i -  
g a t o r s  in connec t ion  with p r o c e s s e s  found i n h e a t i n g  of 
a c h a r g e  o r  batch,  s u r f a c e  burn ing ,  d ry ing ,  d i f fus ion  
e x t r a c t i o n  f rom a po rous  bed,  a b s o r p t i o n ,  and ion 
exchange .  The e a r l y  so lu t ions  [1, 2] we re  b a s e d  on the 
fo l lowing a s s u m p t i o n s .  

1) T h e r m a l  o r  d i f fus ion  r e s i s t a n c e  within the p a r -  
t i c l e s  may  be neg lec ted .  

2) Contac t  t h e r m a l  conduct ion  o r  d i f fus ion  m a y  a l so  
be neg lec ted .  

3) T r a n s f e r  of hea t  o r  m a s s  in the d i r e c t i o n  of the 
bed length  o c c u r s  only b e c a u s e  of mot ion  of the m e -  
d ium through  the bed. R e v e r s e  hea t  conduct ion  o r  
d i f fus ion ,  due to t e m p e r a t u r e  o r  concen t r a t i on  g r a -  
d i en t s  p lays  no a p p r e c i a b l e  ro le .  

4) The p a r t i c l e s  c o m p r i s i n g  the bed a r e  s p h e r i c a l  
in shape .  

Of a l l  t h e s e  a s s u m p t i o n s ,  condi t ion  1 is  ev iden t ly  
not va l id  in many  c a s e s .  In th i s  connect ion ,  many  
au tho r s  have  so lved  the p r o b l e m  under  e x a m i n a t i o n  
with a l lowance  for  both in t e rna l  and e x t e r n a l  hea t  o r  
m a s s  t r a n s f e r  [3-7] .  As fa r  a s  condi t ion  4 is  c o n -  
c e r n e d ,  i . e . ,  s p h e r i c a l  p a r t i c l e s ,  i t a l s o  is  not a lways  
fu l f i l led .  Thus ,  in e x t r a c t i o n p r o c e s s e s  f rom vege t ab l e  
raw m a t e r i a l ,  the shape  of the  body m o s t l y  c o n f o r m s  
with the concep t  of " inf in i te  p l a t e . "  S u g a r - b e e t  s h a v -  
ings,  f r om which s u g a r  is e x t r a c t e d ,  have a length  
t ens  of t i m e s  t h e i r  width o r  t h i c k n e s s ,  the l a t t e r  two 
d i m e n s i o n s  be ing  s i m i l a r  to each o ther .  This  shape  
m a y  be l ikened  to an inf ini te  cy l i nde r .  

In the p r e s e n t  p a p e r  we have  ob ta ined  the equa t ions  
of the k i n e t i c s  of u n r e l a t e d  hea t  and m a s s  t r a n s f e r  
p r o c e s s e s  in a bed,  with a l l owance  for  both e x t e r n a l  
and in t e rna l  hea t  o r  m a s s  t r a n s f e r ,  va l id  for  each of 
the fol lowing t h r e e  shapes :  inf ini te  p la te ,  inf ini te  
c y l i n d e r ,  and s p h e r e .  The s t a r t i n g  point  is the fo l -  
lowing s y s t e m ,  c o n s i s t i n g  of a d i f f e r e n t i a l  equat ion  
and bounda ry  cond i t ions :  
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In th is  s y s t e m ,  Eqs.  (1)-(4)  cons t i tu te  the cond i -  
t ion  of the usual  p r o b l e m  of uns teady  hea t  conduct ion 
o r  d i f fus ion  with boundary  condi t ions  of the t h i rd  kind 
[8]. The t e m p e r a t u r e  o r  m a s s  conten t  of the e x t e r n a l  
m e d i u m  v a r i e s  with t ime .  This  v a r i a t i o n  is d e s c r i b e d  
by an equat ion of hea t  o r  m a s s  ba l a nc e  (5) and the 
c o r r e s p o n d i n g  bounda ry  condi t ion  (6). Since the func-  
t ion  under  s tudy in the e x t e r n a l  med ium v a r i e s  a long 
the length  of the  bed z, even  within the r ange  of each  
p a r t i c l e ,  the  f i e ld  of th i s  quant i ty  wi l l  depend on the 
pos i t i on  of the p a r t i c l e ,  r e l a t i v e  to the s ec t ion  at  which 
the moving  m e d i u m  e n t e r s .  

We in t roduce  the fol lowing g roup  of d i m e n s i o n l e s s  
quan t i t i e s :  

= x/R, T = DI'IR ~, Bi = kR/D 1, o~ = ~ D z / v R  ~-. 

whereupon  the s y s t e m  being  e x a m i n e d  t a k e s  the fo rm 
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Solut ion is  a c c o m p l i s h e d  by a L a p l a c e  t r a n s f o r m  
method ,  fo r  which we in t roduce  t r a n s f o r m s  of the 
d e s i r e d  func t ions :  

FOp, p ) -  i exp(--p 'OU(q) ,  r )d~,  
b 

T (p, r = ( exp (- -  p r) U, (~. to) d r. 
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pF(r p ) - - U o - -  d"-F((p, p) ~_ l" dF(% p) (7) 
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dT (p, o}) 
+ pT(p, ,,,)--uo = o; ( lo)  

d~  

T(p,  0)=Uin/p. (11) 

A solu t ion  of (7) s a t i s fy ing  condi t ion  (8) is  the  func-  
t ion  

F (~, p, (o) = Grip + O (o)(V--p~) -~ I ( V p ~ )  

and the funct ions  d e r i v i n g  f rom it 

F ( I ,  p, o) = Uo/p + G(o) p -~,'2 L (]f-fi), 

7'{p, ~) = 

=Iv ~ FdV = Udp + G(o).2p-('+')/2 (1 + 'v) I,+, (V'p), 

whe re  

dV - -  = (2'v + 2) q~2V+~ d q~; 
V 

v = ( F - -  1)/2; ~ = - -  112 for  an infini te  p la te ;  

v := 0 for  an infini te  cy l i nde r ;  

v = + 1/2 for  a sphe re .  

Af te r  subs t i tu t ing  the  e x p r e s s i o n s  obta ined  into (9) 
and (10), and with the he lp  of boundary  condi t ion  (11), 
we may  d e t e r m i n e  the cons tan t  G(w) and the quant i ty  
T(p,  w). This  l a t t e r  quant i ty  is  of v e r y  g r e a t  i n t e r e s t ,  
s ince  it is  the t r a n s f o r m  of the  funct ion d e s c r i b i n g  
the s t a t e  of the m e d i u m  moving  th rough  the bed 

Uo/p - -  T (p, o) 1 
= -  expt-- toM(Bi,  lfl-p)l; (12) 
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M (Bi, rrp)  = �9 2 (l + ~) 
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F o r  t r a n s f o r m a t i o n  to the o r i g i n a l  we use  the Rosen  
[5] method  of t r a n s f o r m a t i o n  of the contour  i n t eg ra l  

a+i~* 

Uo--U~ ~ 1 f -~-I exp [px - -M(Bi ,  r/p)co]dp. (14) 
Uo - -  Uin 2~ i p 

Since  a l l  the s i n g u l a r  poin ts  of the  in tegrand  l i e  to the  
l e f t  of the  o r ig in ,  excep t  fo r  the one which co inc ide s  
with the o r ig in ,  the path of i n t eg ra t i on  is  chosen  a long 
the i m a g i n a r y  ax i s ,  by p a s s i n g  the point  p = 0: 

Uo--Ui  = 1 lim + + 
Uo--Uin 2~i ,*o 

The integral along the contour bypassing the point p = 
= 0 is easily determined: 

1---~-lim2r, i ,-0 ~ I exp [Pz i ~  r"p)i dp = 
c 

_ 1 ~ dp i 
2"~ i p 2 

r 

To t r a n s f o r m  the f i r s t  and th i rd  i n t e g r a l s ,  the change 
of v a r i a b l e s  p = - i y  and p = +iy is  used.  Then 

m 

Uo--Uin 2 k , [ f ( i y ) + f ( - - i y ) ] d y ;  
o 

f(p) = 1 exp[px- - t0M(Bi ,  ~ -p)]. 
P 

In what  fol lows we use  the fol lowing p r o p e r t i e s  of the 
i n t e g r a n d :  

f (P) = t (P), f +- f  = 2R (f). 

In  these r e l a t i o n s  p and ~, f and f a r e  c o m p l e x  i n t e r -  
connec ted  quant i t i es  ; 

Uo--  U, __ 1 1 
Uo - -  b'~n 2 + - -  J R I f  (i~D] @. 

0 

The f inal  r e s u l t  t a k e s  the fo rm 

w h e r e  
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y = ~3; 
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and b e r  X, bei  ~ a r e  ThomsonVs funct ions .  
To c a l c u l a t e  the quan t i t i e s  A and B it is  conven-  

ient  to use  the r e l a t i o n s  ob ta ined  by Whi tehead  [9]: 
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in which  we m u s t  pu t  r = v and  p = v + 1. 
The  s o l u t i o n  r e p r e s e n t e d  by the  i n t e g r a l  (15) is  

exac t ,  though it  is  i n c o n v e n i e n t  for  d i r e c t  c a l c u l a t i o n s .  
We wi l l  i nd i ca t e  two a p p r o x i m a t e  r e s u l t s .  

F o r  w << 1, T > 0 i t  fo l lows  f r o m  (12) and (13) tha t  

U d p  - -  T (p,  co) 

U o - -  Uin 

1 [ 1  2(1 + v )  ] 

and  going  o v e r  to the  t r a n s f o r m  l e a d s  to the r e s u l t  

U 0 - -  U 1 

Uo - -  Uin 

exp (--ix~x), (16) 
4(v l)Bi ~ 

= 1 - -  ~) Bi (Bi - -  2 v )  + IX~ 
n ~ l  

w h e r e  Pn a r e  r o o t s  of t h e  c h a r a c t e r i s t i c  e q u a t i o n  

Jv (tQ/Jv+l (Ix) = ~/Bi. 

F o r  w >> 1, a n a l y s i s  of A1 an d  B1 shows  tha t  t h e s e  
m a y  be  r e p r e s e n t e d  by  the  p o w e r  s e r i e s  

A~- 1 [ 1 + h--]~, 
2 (v + 1-) _ ~  2 (v + 2)J + .... 

B~ = - - ~ 2  + . . . .  (17) 

F o r  l a r g e  v a l u e s  of w, i n t e g r a l  (15) l e a d s  to a n  
a s y m p t o t i c  e s t i m a t e .  T h e  m a i n  c o n t r i b u t i o n  c o m e s  
f r o m  those  v a l u e s  of the  i n t e g r a n d  which  a r e  d e t e r -  
m i n e d  with s m a l l  X. S u b s t i t u t i n g  (17) and  (15) and  i n -  
t e g r a t i n g  g i v e s  the  fo l lowing  r e s u l t :  

Uo- -  U1 

Uo - -  Ui n 

I [ l + e r f  ,--tu ]. (18) 
2 t c0/(v + 1)[2/Bi -~ 1/(~ + 2)1 

T h u s ,  the  exac t  s o l u t i o n  (15) for  the  p r o b l e m  of 
t r a n s f e r  of h e a t  o r  m a s s  in  a bed  is  v a l i d  for  each  of 
t h r e e  s h a p e s - - i n f i n i t e  p l a t e ,  in f in i t e  c y l i n d e r ,  and  
s p h e r e .  A p p r o x i m a t e  s o l u t i o n s  (16) and  (18) have  b e e n  
e s t a b l i s h e d  fo r  the  s a m e  p r o b l e m .  

NOTATION: 
Bi) Blot number; D) thermal diffusivity or concentration con- 

ductivity; DI) thermal or mass conductivity; F) transform of the func- 
tion U; k) heat or mass transfer coefficient; p) Laplace transform param- 
eter; R) particle dimension (half-width of plate, radius of cylinder, 
radius of sphere); t) time reckoned from moment of arrival of moving 
medium at given point in bed; U) temperature or concentration; U0) 
the same at time zero; Ut) temperature or concentration of the medium 
moving through the bed; Uin)the same at bed inlet section; V) particle 
volume; v) rate of flow of fluid through bed; x) variable coordinate 
within the range of a particle; z) distance of any point of bed from 
inlet section; T) transform of the function Ut; y) imaginary part of the 
parameter p; F) shape comtant, equal to zero for an infinite plate, 
1 for a cylinder, and 2 for a sphere; 6) radius of semicircle bypassing 
origin of coordinates (the point p = 0); k) variable of integration; ~n) 
roota of characteristic equation; v = (F -- 1)/2) shape constant; o) 
ratio of water equivalent of unit volume of bed to specific heat of 
liquid, for heat transfer, and volume of pores in unit volume of the 
bed, for mass transfer; r) dimensionless time; r dimensionless vari- 
able coordinate; w) dimensionless bed length. 
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